Sub-Kelvin Cooling of a Macroscopic Oscillator and femto-Newton Force 

Measurement 
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Measuring very small forces 0, H 1, II H H S I, II El El El El El El , particularly those of a 
gravitational nature, has always been of great interest, as fundamental tests of our understanding 
of the physical laws. Ultra-long period mechanical oscillators, typically used in such measurements, 
will have ksT/2 of thermal energy associated with each degree of freedom, owing to the equal- 
partition of energy. Moreover, additional seismic fluctuations in the low frequency band can raise this 
equivalent temperature significantly to ~ 10 5 K. Recently, various methods using opto-mechanical 
forces [ltj E3, El El El Hit have been reported to decrease this thermal energy for MHz, micro- 
cantilever oscillators, effectively cooling them. Here we show the direct, dynamical cooling of a 
gram-size, macroscopic oscillator to ~ 300 mK in equivalent temperature - noise reduction by a 
factor of ~ 10 6 . By precisely measuring the torsional oscillator's position, we dynamically provide 
an external 'viscous' damping force. Such an added, dissipative force is essentially free of noise, 
resulting in rapid cooling of the oscillator. Additionally, we observe the time-dependent cooling 
process, at various cooling force parameters. This parameter dependence agrees well with a simple 
physical model which we provide. We further show that the device is sensitive to forces as small 
as < 100 fN - a force only a few percent of that typically exerted by a single biological molecule 
or that observed in a typical gravity experiment. We also demonstrate the dynamic control of the 
oscillator's natural frequency, over a span of nearly two decades. The method may find important 
applications in precision measurements of very weak forces. 

PACS numbers: 43.58.Wc,43.50.+y,45.80.+r 
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Ultra-long period mechanical oscillators have impor- 
tant applications in precision measurement science, both 
for measuring very small forces and for providing a non- 
moving reference point in interferometry. The measure- 
ment of very small forces 0, H H i, i, i, 0, H ©, El EH, El, 
El, E3, EH, particularly those of a gravitational nature, 
has always been of great interest, for these measurements 
often provide tests of our fundamental understanding of 
the physical laws, such as the 'weak' equivalence princi- 
ple [1 H HI and gravitational waves ((J . The experiments 
usually employ low- frequency, macroscopic, mechanical 
oscillators, such as a torsion balance Q or a suspended 
mass As a result of the very small restoring force k 
and a relatively large mass m of the system, high sen- 
sitivity often implies low natural frequency. However, 
the micro-seismic noise, and more fundamentally, ther- 
mal noise [8, 9, 10, ll[ pose important limits on the sen- 
sitivity of these devices. 

In another group of experiments involving precision 
measurements of distance or Earth gravity and more gen- 
erally in interferometry, a common limitation is the un- 
certainty of the position of the 'reference point' . Since 
distance is a relative quantity from a reference point, fluc- 
tuations of the reference point during the measurement 
time will pose a limit on precision. However, to obtain 
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an absolutely non-moving, stationary point is no easy 
task - the only practical solution being to use a very 
long period oscillator such that during a short data ac- 
quisition time, the oscillator is in effect stationary. For 
example, in free-fall, absolute gravimeters [2 EH where 
Earth gravity g can be measured to the 10 -9 accuracy, a 
long-period oscillator is often employed as the reference 
point of the interferometer. Almost universally, exter- 
nal noise in these devices is an important issue. Ther- 
mal noise, being one that is particularly difficult to over- 
come, is a result of coupling with the 'noisy' external 
environment via dissipation, causing the system to fluc- 
tuate with a thermal energy of ksT/2. In this letter, we 
show how this fluctuation can be reduced via a direct, 
dynamic 'cooling' method. We further show how the 
oscillator's natural frequency can be dynamically con- 
trolled, and demonstrate such control over a range of al- 
most two decades. Finally, we note that cooling has been 
applied to micro-cantilever devices (with ~ MHz natural 
frequency) in recent years, often using opto-mechanical 
forces Hi E3, El, El SI H3. Much of this group of 
work aimed at reaching the quantum limit, or even en- 
tanglement of these devices [H, H(| with a laser beam. 
We note here that the quantum limit is frequency depen- 
dent, and is entirely negligible in the present work, using 
a gram-size mass. Unlike the micro-cantilevers with rel- 
atively stiff arms, a torsion oscillator is typically more 
responsive to small forces. 

We begin by considering a simple, mono-mode torsion 
oscillator, as shown in Fig. [T]a. The equation of motion 
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FIG. 1: Schematic experimental setup. The oscillator's an- 
gular position is measured by pointing Laser- 1 to the center 
of the oscillator and detecting the reflected light beam with 
a low-noise, four-quadrant position detector. Laser-2 is used 
to exert a known radiation pressure force on one arm of the 
balance, causing an angular deflection. Two capacitive feed- 
back electrodes on the left side are used for dynamic control. 
High sensitivity lock-in detection of the balance's angular po- 
sition [221 ] and dynamic control loop. LI A is the Lock-in am- 
plifier, (b) Flow of thermal fluctuation energy. 



ulO = a th (t) +a c (t), 



(1) 



where 9 represents the oscillator's angular position, uq = 
\J t/I the natural frequency, and P the damping rate due 
to coupling with the environment. The oscillator is un- 
der the influences of two external angular accelerations. 
The acceleration athif) due to a thermal force fluctuates 
randomly and can be assumed to have little correlation 
at the time scale of the oscillation period, with essen- 
tially a white spectrum: {a t h{t)ath{t')) = KS(t — t'), 
where K is a constant. At the time scale of /3" 1 , the 
oscillator reaches thermal equilibrium with the thermal 
environment at temperature T ext . 

The external control acceleration, a c (t) can take a 
more general form that is a function of time, as well 
as the angular position and its velocity or acceleration. 
Furthermore, this control acceleration can also be a non- 
linear function, thus enabling almost arbitrary control of 
the oscillator. Here, to demonstrate cooling, we employ 
a simple viscous damping: a c (t) = —D8, where D is the 
damping rate. Applying this external control accelera- 



tion, it is easy to see how the system will evolve. 

By multiplying both sides of Eq. [1] by 9 and taking 

an ensemble average, and noting that (^J = uj^ (9 2X J = 

ksT '/I , we have 



^+pr=-DT+-L{H-<y l ,,lh 



(2) 



Here, T is the system's temperature at time t. The last 
term in Eq.0 (o ■ atft(t)\, has an explicit physical mean- 
ing of heating by energy exchange with the environment. 
It is easy to show that (o ■ a,th{t)^ = (3kBT ext /I. At 
thermal equilibrium, when the system temperature T is 
stationary, we have 



T : 



(3) 



Eqs. [2] and [3] afford a very clear physical picture - being 
in contact with both the external thermal environment 
and the noiseless (zero-temperature) cooling force, the 
system's overall rates of heating j3 ■ (Text — T) and cooling 
D ■ T cancel each other at the equilibrium (Fig.Q]b). 

In the experiment, Fig. [1] a, we use a macroscopic 
torsional oscillator made of a glass substrate 50 mm x 
10 mm x 0.15 mm in size (~ 0.2 g). The substrate is gold- 
coated on both sides and fixed to a 15 cm long, 25 fim 
thick tungsten wire. The oscillator has a moment of in- 
ertia / = 4.4 x 10~ 8 kg x m 2 and a torsional constant 
r = 2.2 x 10~ 7 Nmrad -1 . The pendulum oscillates at 
a natural frequency /o = 0.36 Hz with a quality factor 
of Q 2, 300. Using a laser beam reflected from the 
center of the oscillator and a high-sensitivity quadrant 
diode detector followed by a lock-in detection technique, 
we measure the oscillator's angular position with an ac- 
curacy of ~ 2nradHz~ 1 / 2 . Reflecting from the center, 
the laser beam used in the optical lever exerts a negli- 
gible net torque. Two polished electrodes are positioned 
at one end of the balance. By electrically grounding the 
oscillator and changing the voltages on the electrodes, 
an electrostatic force can be applied to the oscillator in 
both directions. At the other end of the oscillator, a laser 
beam of controllable intensity can be reflected from the 
gold-coated surface, to introduce a well-calibrated light 
force. The entire apparatus is kept in a high vacuum 
(10~ 7 mbar) environment which is mounted on top of an 
active vibration isolation system. In addition, seismic 
noise above the natural frequency is filtered from the os- 
cillator by a special damping suspension. 

The experiment relies on real-time, high accuracy de- 
termination of the oscillator's instantaneous angular po- 
sition [22]. To achieve this, we implement the detection 
system shown in Fig. [T] a. A laser beam is modulated 
at 100 kHz, and the reflected beam is detected by a low 
noise quadrant position detector. The resulting differen- 
tial photoelectric current is first prc-amplified and sub- 
sequently demodulated using a lock-in amplifier. Using 
this technique, a tremendous sensitivity of < 20 nrad/V 
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FIG. 2: The oscillator's position is cooled in three consecutive 
steps, shown in the measured power spectral density functions 
(a-c). For low damping (a), the equivalent noise temperature 
is ~ 6.8 x 10 4 K, due to micro-seismic excitation. For a higher 
damping rate (b), this temperature is reduced to ~ SK, and 
finally in (c) to ~ 300 mK, which corresponds to a 4.3 nrad 
RMS angular uncertainty, (d) An artificial electronic impulse 
applied to the feedback electrodes excites the oscillator to an 
equivalent temperature of 3x 10 8 K. In this case, the damping 
force is first disabled. After a few oscillation cycles, a low 
damping is applied. This causes an exponential decrease of 
the system's temperature, as shown in the inset. 



is reached. This angular voltage signal is then digitized 
at a sampling rate of 5 kHz and used as the input of a 
computerized digital control loop. Both input and out- 
put channels show analog/digital conversion noise levels 
of only ~ 20V Hz^ 1 / 2 . Owing to this conversion noise, 
the closed-loop control system shows an equivalent noise 
level of ~ 2nradHz~ x l 2 . Furthermore, the system is 
calibrated and tested to ensure that the 'in-loop' and 
'out-of-loop' performance are in good agreement. 

The digital loop has the advantage of convenient ad- 
justment of control parameters. In the experiment, only 
proportional (P) and differential (D) controllers are used. 
FigE] shows the power density of the oscillator's spectra 
at various equivalent temperatures. First, the oscillator 
is freely running and is well coupled to the surround- 
ing seismic noise near its natural frequency of 0.36 Hz 
(curve a) . Owing to this excess noise, the equivalent noise 
temperature is ~ 10 5 K, more than two orders of mag- 
nitude higher than the thermal noise at room tempera- 
ture. Applying a dynamic damping control, the equiva- 
lent temperature can be cooled to various levels (curves 
b, c), depending on the setting of this damping param- 
eter. The lowest temperature reached in the experiment 
is < 300 mK. 

To further examine the cooling process, we artificially 
excite the oscillator with an impulse applied to the con- 
trol electrodes. After a few cycles, we measure the noise 
power spectrum of this excited oscillator (curve d) and 
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FIG. 3: Measured inverse equilibrium temperature of the os- 
cillator versus varied damping rates. The result is in good 
agreement with Eq. [3] 

it gives an equivalent temperature of ~ 3 x 10 s K . Then 
a low damping is applied, causing cooling. The inset 
of FigH] shows the time dependence of this cooling pro- 
cess, in good agreement with the prediction of the simple 
model given in Eq. [2] 

Eq. [3] gives a simple relation of the oscillator's equilib- 
rium temperature when a certain cooling parameter D is 
applied, based on our theoretical model. To further verify 
this model, we measure the oscillator's power spectrum 
and the equivalent temperature T — Iu 2 (6* 2 ) jks- Fig[3] 
shows the dependence of the equivalent temperature on 
the cooling rate; the theoretical and experimental results 
are in good agreement. Cooling or reducing noise of the 
oscillator can improve the sensitivity of measurement of 
very small forces. Although as in almost all cases the 
signal-to-noise ratio is not increased, by reducing noise, 
we can greatly reduce the dynamic range of the angu- 
lar position detector and hence increase its sensitivity 
and gain. As an example, we show the detection of a 
very small force at the fN level, caused by the radiation 
pressure of a fiW laser beam. To do this, a laser beam 
(laser-2 in Fig. Q] a) is directed onto and reflected from 
the gold-coated surface of the oscillator. The laser beam 
is modulated in a sinusoidal form at a period of ~ 33 s 
with amplitude of 50 /j,W. This corresponds to a force 
of 330 fN in amplitude. Its effect is clearly visible, as 
shown in Fig. Q] We note that the noise floor in Fig. Q] 
is at the equivalent of 100 f N mHz~ x l 2 . As a compar- 
ison, the typical force of a biological motor molecule is 
approximately 6.5 pN. Similarly, the gravitational force 
exerted by a 75 kg mass on a 1 g test mass at a distance 
of 1 m is approximately bpN. In both cases, the forces 
are approximately 50 times larger than the sensitivity 
shown here. We note that the small force measured here 
is purely due to the radiation pressure of light. While in 
some cases bolometric effects (e.g., uneven heating and 
thermal expansion of the device) can also cause a similar 
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FIG. 4: A 'cooled' oscillator is sensitive to very weak forces. 
Here we apply a light force caused by a laser beam of only 
50 fiW in amplitude (30 mHz); this influence is clearly vis- 
ible over a background of ~ 100 fN mHz 1 / 2 . Inset shows 
the cooled oscillator's temporal response to the light force 
(±15pN) caused by laser light of ~ 5mW of peak-to-peak 
modulation. 
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FIG. 5: Dynamic control of the oscillator's natural frequency, 
(a) Uncontrolled oscillator, 0.36 Hz, (b) positive P, 0.06 Hz, 
and (c) negative P, ~ 2.6 Hz. The oscillator is excited exter- 
nally for measurement. 

deflection, here the effect is negligible. This is verified 
by calibrating the light force on the system with elec- 
trostatic forces, by adjusting the voltages applied on the 
electrodes. The same levels of rotation of the torsion bal- 
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ance were observed when the same torque was applied, 
whether by light or by electrostatic force. 

Finally, we demonstrate the dynamic control of the 
oscillator's natural frequency. In Eq. [TJ if we add an 
"elastic" acceleration: ap(t) — PQ, where P is a con- 
stant, the effective natural frequency will become loq = 
y/(r — P)/I- Depending on the choice of the sign and 
magnitude of the control parameter P, a wide range of 
effective natural frequencies can be obtained. In Fig. [5l 
we show the result of this experiment. We note that the 
seismic noise spectra vary from site to site. With the 
method demonstrated here, it becomes possible to tailor 
the oscillator's frequency response and resonance to seek 
a 'quiet' frequency band where external noise is minimal, 
similar to that used in the VIRGO project [23[ . A simi- 
lar concept was also applied to confine or 'tra p' a mirror 
aiming at the detection of gravitational waves [24| , where 
the "optical spring" force [25| is used to raise the natural 
frequency by over a decade. 

In summary, we have demonstrated the dynamic cool- 
ing and control of a macroscopic oscillator, using an ex- 
ternal, noise-free feedback force. Although we used elec- 
trostatic forces in the experiment, other means, such as 
light pressure or magneto-static force can also be applied 
to control the system. We have shown a reduction of the 
system's equivalent temperature from ~ 10 5 K , due to 
the micro-seismic band, to < 300 mK . To our knowl- 
edge, this is the first time that such a great reduction 
of noise temperature, almost six orders of magnitude, 
has been achieved. The theoretical model we have given, 
albeit simple, describes the system's behavior very well 
and affords clear physical insights. Using the system, we 
further showed that very weak forces can be measured 
with fN sensitivity. Furthermore, we demonstrated the 
control of the oscillator's natural frequency, over a wide 
range. Finally, we note that the dynamic cooling and 
control method we have developed and reported here is 
a versatile one. It can be applied to experimental stud- 
ies of other areas such as opto-mechanical multi-stability 
and parametric processes |26l . [27l [2SL l29j and the 'opti- 
cal spring' effects (24|. We will also examine the appli- 
cability of the method in precision measurement of the 
Newtonian constant (G) [HI, [l3|, [l4[ and other applica- 
tions m m m . 
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